Dirac Delta Function and Unit Impulse Function

Before we begin investigating this unique function, we must acknowledge that it is an operator
and all operators have instructions; without the instructions we cannot perform said
operations.

Unit Impulse Function

0, O0<t<ty—a

1
6,(t —ty) = 2 tr—a<t<ty+a, a>0,t, > 0.

0, t=ty+a

fooaa(t —t,) = 1.

The Dirac Delta Function: Defined by taking the limit of the Unit Impulse function. That is,

lir% 6,(t —ty) = 6p(t —ty) = 6(t —ty).
a—

] 5(t—t0)={0&' f:fs ] fooS(t—tO)dt=1.

FOCUS DEFINITION Dirac Delta Integration
| st - ae=re
0

Sifting Property: When an object in the integrand is simply evaluated at the constant within
the integrand leading to no formal arithmetic required.

| rwste-ae = s

[FE] This formula will be introduced in advance physics related (ENGR) courses junior year.

NOTE All of this is just rules and instructions based on definitions. Don’t try to understand
anything as it is about as productive as understanding why the letter A has the shape and
sound it does—that is, someone defined it that way.

[TM] This is a function that applies in special cases and there is no need to contemplate the
meaning behind it as it is simply a definition.
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Laplace Transform: Dirac Delta Function

Solve the second order ODE using method of Laplace Transform,
y'+2y'=6(t—-1), y0)=0  y(0)=1.
We begin by apply the Laplace transform
y'+2y ' =6(t—-1) = Ly"+2y =6t —-1)}

NOTE The Laplace Operator is a linear transformation.

DEFINITION Linear Transformation

L{f (at) + g(B0)} = L{f (at)} + L{g(B1)} = aL{f (D)} + fL{g (D)}

= L{y"}+L{2y"} = L6t -1} = L{y"}+2L{y'} = L{6( - 1)}

Now that we are at the linear transformation, we need the Laplace Transformation
information.

THEREOM Laplace Transform

Ly}=Y(s), L{y'}=sY(s)—y(0), L{y"}=5%Y(s) —sy(0) —y'(0), ..

or

L{F™(©} = sF(s) = s"HF(0) = 7 2f/(0) = - = FD(0)

f.f', .. ,f(”‘l) are continuous on R* U {0} = [0, o).

= [s?Y(s) —sy(0) —y'(0)] + 2[sY (s) — y(0)] = L{5(t — 1)}

Dirac Delta Laplace Transform
L{5(t — ty)} = e Sto

= [s?Y(s) = sy(0) — y'(0)] + 2[sY(s) — y(0)] = e~
= s2Y(s) —sy(0) —y'(0) + 2sY(s) — 2y(0) = e~St [solve for Y (s)]

= s2Y(s) + 2sY(s) — sy(0) —y'(0) — 2y(0) = e~Sto
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= s2Y(s) + 2sY(s) = e~5% + (sy(0) + y'(0) + 2y(0))
= s2Y(s) + 2sY(s) = e St + ((s)(0) + (1) + 2(0))
=> Y(s)(s?+2s)=eSto +1

e 41 e +1

= Y = = :
(s) s2 4+ 2s s2 4+ 2s

Now, the tricky part: We have to arrange this in a form that fits a pattern that matches a
preexisting Laplace Inverse. We go to the table of Laplace Inverses (usually in the back of the
textbook).

Laplace Inverse

LY} =fO, LHY}=y®.

Examine the possible alterations to the existing function before making any final decisions.

Y()_e‘5+1_ e”* N O | N 1
T 2% 2s 2+2s s2+2s ° 2425 s2+2s

1 1 1 1
S )

CGHADE2 GADE-2 G VD sty T

From the Laplace Inverse Table
k

L {(5 —a)? — k?

} = e sinh kt

L e ¥F(s)} = f(t—a)U(t — a)

1 1
L1y = )= L1]e—s 5 _I_L—l .
= YO =g 20 {e (s+1)2—\/§} {(s+1)2—\/§}

SR SR N Y B -
2 (s— (_1))2 —\/EZ
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= y(t) = Ut -1)+ \/% e~ sinh(v/2t)
1 _ 1 .
= E e sinh (\/7 )’u(t -1+ \/—7 e smh(\/ft).

[FC] To prove that the answer is in fact the correct answer, take it and then compute the
derivatives and plug them into y” + 2y’ = §(t — 1) (the original equation); if the equation
balances—that is, 0 = 0, then you know you did it correctly. Hence, you do not need ChatGPT
or a teacher’s solution manual and you have effectively done mathematics—not puzzle
solving. The time to do this, is too lengthy at this moment so we will check the answer in the
back of the book but before checking the answer, make sure you take the time to acknowledge
the steps of reverse engineering and proving the solution you provided that outputted the
answer, is in fact the correct answer.

NOTE This was an hour and half of work and it may not be right. We check the answer in the
back of the book now.

The books answer is
1 1 1 1
y = E — Ee_Zt + [E - Ee"z(t‘l)] ‘U(t — 1)

This does not mean our answer is incorrect, it may be in a different form is all. Our answer is
similar but not identical. Recall the hyperbolic trigonometric function

t -t

et —e
sinh(t) = —

For this question, [ will leave it to you to verify whether | made a typo or if

1 1 1 1 1 1
-2t == ,-2(t-1) _ — _— ,—(t-1) _ _ -t
538 + [ e ]U(t 1) 7 e sinh (\/Z(t 1)) uit—-1)+ e smh(\/Zt).

2 2 V2
Check
k ekt _ okt e\/it _ e—\/it
-1 — ,at o3 — ,at : —
L {(s Epa . kz} =e%sinhkt =e [—2 ] = smh(\/it) >

There answer might be wrong or mine may be wrong or they are both the same. You check on
your own without ChatGPT or solution manuals. Do not give up! We will come back to this
question tomorrow and go back through it to be sure and finalize the answer and verify if it is
correct after you all review it as part of the researchers.
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